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A GENERALIZED WEIGHTED HARDY-CESA`RO OPERATOR,
AND ITS COMMUTATOR ON WEIGHTED Lp AND BMO
SPACES
NGUYEN MINH CHUONG AND HA DUY HUNG
Abstract. In this paper, we introduce a new weighted Hardy-Cesa`ro operator
defined by Uψ,sf(x) =
1∫
0
f (s(t) · x)ψ(t)dt, which is associated to the parame-
ter curve s(t, x) = s(t)x. Under certain conditions on s(t) and on an absolutely
homogeneous weight function ω, we characterize the weight function ψ such
that Uψ,s is bounded on L
p(ω), BMO(ω). The corresponding operator norms
are worked out too. These results extend the ones of Jie Xiao [30]. We also
give a sufficient and a necessary condition on the weight function ψ, which
ensure the boundedness of the commutators of operator Uψ,s on L
p(ω) with
symbols in BMO(ω).
1. Introduction
Let f ∈ L1loc, then the classical Hardy operator U is defined by
Uf(x) =
1
x
∫ x
0
f(t)dt.
A celebrated Hardy integral inequality can be formulated as
‖Uf‖Lp(R) ≤
p
p− 1
‖f‖Lp(R),
where 1 < p <∞ and the constant pp−1 is the best possible.
The Hardy integral inequality and its variants play an important role in various
branches of analysis such as approximation theory, differential equations, theory of
function spaces etc. Therefore, there are various papers studying Hardy integral
inequalities for operator U and its generalizations. Up to now, there are two types
of Hardy operator in n−dimension case. The first one was introduced by Faris [11]
in 1976, and in 1995, M. Christ and L. Grafakos [9] gave an equivalent version of
n−dimensional Hardy operator
(1.1) Hf(x) =
1
Ωn|x|n
∫
|y|<|x|
f(y)dy,
where Ωn =
πn/2
Γ(1+n/2) .
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The second one appeared in 1984, by Carton-Lebrun and Fosset [4], in which the
authors defined the weighted Hardy operator Uψ as the following. Let ψ : [0, 1]→
[0,∞) be a measurable function, and let f be a measurable complex-valued function
on Rn. The weighted Hardy operator Uψ is defined formally by
(1.2) Uψf(x) =
∫ 1
0
f(tx)ψ(t)dt, x ∈ Rn.
Various approaches are described and some extensions are given for the first
Hardy operator U and its modifications. Specially, there appeared a lot of papers
which have discussed the problems of characterizing the weights (u, v), for which U
and its generalizations are of weak and strong type (p, q), or are bounded between
Lorentz spaces, BMO, ... (see [1, 3, 5, 6, 7, 8, 10, 19, 21, 31, 23, 24, 25, 26]).
Under certain conditions on ψ, Carton-Lebrun and Fosset [4] found that Uψ is
bounded from BMO(Rn) into itself. Moreover, Uψ commutes with the Hilbert
transform in the case n = 1 and with a certain Caldero´n-Zygmund singular integral
operator (and thus with the Riesz transform) in the case n ≥ 2. In 2001, J. Xiao
[30] obtained that Uψ is bounded on L
p(Rn) if and only if
A :=
∫ 1
0
t−n/pψ(t)dt <∞.
Meanwhile, the corresponding operator norm was worked out. The result seems to
be of interest as it is related closely to the Hardy integral inequality. For example,
if ψ ≡ 1, and n = 1, then Uψ may be reduced to the classical Hardy operator.
In [30], J. Xiao also obtained the BMO(Rn)−bounds of Uψ, which sharpened and
extended the main result of Carton-Lebrun and Fosset in [4]. He considered the
weighted Cesa`ro operator
Vψf(x) =
∫ 1
0
f (x/t) t−nψ(t)dt.
It is known that both Hardy operator and Cesa`ro operator play an important role
in various fields. For example, the Caldero´n maximal operator (see [2]), which is
important in interpolation theory, is the sum of the classical Hardy operator U and
the classical Cesa`ro operator V , where
V f(x) =
∫ ∞
x
f(y)
y
dy, (x > 0).
In fact, Vψ is Banach adjoint of Uψ and they are commutative and thus J. Xiao also
obtains the boundedness and bounds of Vψ on L
p, BMO and H1(Rn)-the Hardy
space on Rn.
Recently, Z. W Fu, Z. G Liu, and S. Z Lu [14] give a sufficient and necessary
condition on weight function ψ, which ensures the boundedness of the commutators
of weighted Hardy operators Uψ, with symbols in BMO(R
n) and Lp(Rn) with
1 < p < ∞. In addition, several authors have considered the boundedness and
bounds of Uψ on Morrey spaces, Campanato spaces, Q
α
p,q-type spaces, Triebel-
Lizorkin-type spaces (see [18, 27, 28, 32]). We note that in [22, 20], the authors
showed a very interesting application of the second weighted Hardy operators. They
notes that the boundedness of the Cauchy singular integral operator SΓ in Morrey
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spaces on an arbitrary Calerson curve could be reduced to the boundedness of
weighted Hardy operators to be bounded in Morrey spaces. These Hardy operators
are the ones of second type.
There is a connection between the above two types of Hardy operators. If ψ(t) =
1, and n = 1, then Uψ is just reduced to the classical Hardy operator U . If n ≥ 2,
then the restriction of H on class of radial functions is Uψ with ψ(t) = ntn−1 (see
[9, 32]). Thus, many results on the Hardy operators of second type (which seems
to be more easier to study) can be changed to the first one with restriction on
class of radial functions. These Hardy operators of second type also contain the
class of Riemann-Liouville integral operators in case n = 1 and ψ(t) = β(1− t)β−1,
β > 0. We obverse that, the value of Uψf at a point x just depends on the weight
average value of f along a parameter s(t, x) = tx. By the analogues of singular and
maximal operators associated with certain submanifolds of positive codimension in
R
n, we are motivated to consider the generalized Hardy-Cesa`ro operator as follows.
Definition 1.1. Let ψ : [0, 1] → [0,∞), s : [0, 1] → R be measurable functions.
We define the generalized Hardy-Cesa`ro operator Uψ,s, associated to the parameter
curve s(x, t) := s(t)x, as
(1.3) Uψ,sf(x) =
∫ 1
0
f (s(t)x)ψ(t)dt,
for a measurable complex valued function f on Rn.
Let us explain why we call Uψ,s Hardy-Cesa`ro operators. In fact, they contain
both type of classical Hardy operator and Cesa`ro operator. If s(t) = t, Uψ,s is
reduced to Uψ and if s(t) = 1/t, we replace ψ(t) by t
−nψ(t), then Uψ,s is reduced
to weighted Cesa`ro operator
Vψf(x) =
∫ 1
0
f (x/t) t−nψ(t)dt.
The operator Vψ can be generalized to
(1.4) Vψ,sf(x) =
∫ 1
0
f (s(t)x) |s(t)|nψ(t)dt.
Let b be a locally integrable function on Rn. The commutators of b and operators
Uψ,s, Vψ,s are respectively defined by
(1.5) U bψ,sf = bUψ,s(f)− Uψ,s(bf),
and
(1.6) V bψ,sf(x) = bVψ,s(f)− Vψ,s(bf).
For convenience, let us introduce some definitions and notations. Let ω(x) be a
measurable function in Rn with ω ≥ 0. A measurable function f is said to be in
Lp(ω) if
‖f‖Lp(ω) =
(∫
Rn
|f(x)|pω(x)dx
)1/p
<∞.
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We denote by BMO(ω) the space of all functions f , which are of bounded mean
oscillation with weight ω, that is
(1.7) ‖f‖BMO(ω) = sup
B
1
ω(B)
∫
B
|f(x)− fB,ω|ω(x)dx <∞,
where supremum is taken over all n−dimensional ball B. Here, ω(B) =
∫
B
ω(x)dx,
and fB,ω is the mean value of f on B with weight ω:
fQ,ω =
1
ω(Q)
∫
Q
f(x)ω(x)dx.
The case ω ≡ 1 of (1.7) corresponds to the class of functions of bounded mean
oscillation of F. John and L. Nirenberg [17]. We obverse that L∞(Rn) ⊂ BMO(ω).
It is useful to state the following well-known result:
Lemma 1.2. Let ω be a weight function with doubling property, that is for some
positive constant A, we have
ω (B(x, 2r)) ≤ Cω (B(x, r)) ,
for all x ∈ Rn and r > 0. Then, for any 1 < p < ∞, there exists some positive
contant Cp so that
‖f‖BMOp(ω) =
(
1
ω (B)
∫
B
|f(x)− fB,ω|
p
ω(x)dx
)1/p
≤ Cp‖f‖BMO(ω).
The Hardy-Littlewood maximal operator Mω with weight ω is defined by
Mωf(x) = sup
B
1
ω(B)
∫
B
|f(y)|ω(y)dy.
There is a simple variant of the maximal theorem for weight as the following
Lemma 1.3. Let ω has doubling property, then there exists a positive constant Cr
so that ∫
Rn
(Mωf(x))
r
ω(x)dx ≤ Cr
∫
Rn
|f(x)|rω(x)dx
for any 1 < r <∞, f ∈ Lr(ω).
Lemmas 1.2 and 1.3 are well-known (see [25, Chapter V]), so we omit their
proofs.
It is our goal in this paper to study weighted norm inequalities for weighted
Hardy-Cesa`ro operator Uψ,s and its commutator U
b
ψ,s. More precisely, we obtain
some sufficient conditions on weight function ω, and on function s(t) for which we
give the sufficient and necessary conditions on ψ so that Uψ,s is bounded on L
p(ω)
and BMO(ω). It is interesting to know that, in some case of s(t), the BMO−bound
of Uψ,s depends on the dimension n. We also find the characterizations on ψ(t)
so that, under certain conditions on ω(x) and s(t), then the commutator U bψ,s of
the generalized Hardy-Cesa`ro operator Uψ,s is bounded on BMO(ω) with symbol
b ∈ BMO(ω). These results actually are more general than those obtained in [30],
[14].
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2. Bounds of Hardy-Cesa`ro operator on weight Lp and weight BMO
spaces
The purpose of this section is to prove the boundedness of the generalized Hardy-
Cesa`ro operator Uψ,s on L
p(ω) and BMO(ω) with certain conditions on ω. The
method involve techniques similar to those used in [30], but with a more careful
analysis for the boundedness on BMO(ω). We also work out the operator norms
on such weight spaces. These results extend the results in [30].
It is conventional that
∫
Sn
ω(x)dσ(x) refers to 2ω(1) in case n = 1. Then, the
class of weight functions ω, which we shall consider, is the following.
Definition 2.1. Let α be a real number. LetWα be the set of all functions ω on Rn,
which are measurable, ω(x) > 0 for almost everywhere x ∈ Rn, 0 <
∫
Sn
ω(y)dσ(y) <
∞, and are absolutely homogeneous of degree α, that is ω(tx) = |t|αω(x), for all
t ∈ R \ {0}, x ∈ Rn, where Sn = {x ∈ Rn : |x| = 1}.
We remind that, if we define the measure ρ on (0,∞) by ρ(E) =
∫
E r
n−1dr,
and the map Φ(x) =
(
|x|, x|x|
)
, then there exists a unique Borel measure σ on Sn
such that ρ× σ is the Borel measure induced by Φ from Lebesgue measure on Rn
(n > 1). (see [12, page 78], [13, page 142] for more details).
Let us describe some typical examples and properties ofWα. Note that, a weight
ω ∈ Wα may not need to belong L1loc(R
n). In fact, we observe that if ω ∈ Wα, then
ω ∈ L1loc(R
n) if and only if α > −n.
If n = 1, then ω(x) = c|x|α, for some positive constant c. For n ≥ 1 and α 6= 0,
ω(x) = |x|α is in Wα. If ω1, ω2 is in Wα, so is θω1+ λω2 for all θ, λ > 0. There are
many other examples in case n > 1 and α 6= 0, namely ω(x1, . . . , xn) = |x1|α. In
case n > 1 and α = 0, we can construct a non-trivial example as the following: let
φ be any positive, even and locally integrable function on Sn = {x ∈ Rn : |x| = 1},
then
ω(x) =
{
φ
(
x
|x|
)
if x 6= 0,
0 if x = 0,
is in W0.
Lemma 2.2. For any real number α, if ω ∈ Wα, and ǫ > 0, then
∫
|x|>1
ω(x)
|x|n+α+ǫ
dx =
∫
|x|<1
ω(x)
|x|n+α−ǫ
dx =


∫
Sn
ω(x)dσ(x)
ǫ if n > 1,
2ω(1)
ǫ if n = 1.
Proof. Since the proofs of these equalities are similar, we shall only give the proof
of ∫
|x|>1
ω(x)
|x|n+α+ǫ
dx =


∫
Sn
ω(x)dσ(x)
ǫ if n > 1,
2ω(1)
ǫ if n
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We first consider the case n > 1. Then∫
|x|>1
ω(x)
|x|n+α+ǫ
dx =
∫ ∞
1
dr
∫
S(0,r)
ω(y)
rn+α+ǫ
dσ(y).
Since ω ∈ Wα, we have∫
|x|>1
ω(x)
|x|n+α+ǫ
dx =
∫ ∞
1
1
rn+ǫ
dr ·
∫
Sn
ω(y)dσ(y) =
1
ǫ
∫
Sn
ω(x)dσ(x).
We now consider the case n = 1. Since ω ∈ Wα, we have ω(x) = c|x|α, for some
contant c > 0. We have∫
|x|>1
ω(x)
|x|1+α+ǫ
dx =
∫ ∞
1
1
x1+α+ǫ
(ω(x) + ω(−x)) dx =
2c
ǫ
.

In [30], Jie Xiao proved that Uψ is bounded on L
p(Rn), if and only if
A =
∫ 1
0
t−n/pψ(t)dt <∞.
He also showed that A is the Lp-operator norm of Uψ. One of our main results in
this section is formulated as follows.
Theorem 2.3. Let p ∈ [1;∞], α be real numbers and ω ∈ Wα. Let s : [0; 1] → R
be a measurable function so that |s(t)| ≥ tβ a.e. t ∈ [0, 1], for some constant β > 0.
Then, Uψ,s : L
p(ω)→ Lp(ω) exists as a bounded operator if and only if
(2.1)
∫ 1
0
|s(t)|−
n+α
p ψ(t)dt <∞.
Moreover, when (2.1) holds, the operator norm of Uψ,s on L
p(ω) is given by
(2.2) ‖Uψ,s‖Lp(ω)→Lp(ω) =
∫ 1
0
|s(t)|−
n+α
p ψ(t)dt.
Proof. Since the case p = ∞ is trivial, it suffices to consider p ∈ [1;∞). Suppose
(2.1) holds. For each f ∈ Lp(ω), since s(t) 6= 0 almost everywhere, ω is homoge-
neous of order α, and then applying Minkowski’s inequality (see [16, page 14]) we
shall obtain
‖Uψ,sf‖Lp(ω) =
(∫
Rn
∣∣∣∣
∫ 1
0
f (s(t) · x)ψ(t)dt
∣∣∣∣
p
ω(x)dx
)1/p
≤
∫ 1
0
(∫
Rn
|f (s(t) · x)|p ω(x)dx
)1/p
ψ(t)dt
=
∫ 1
0
(∫
Rn
|f (y)|p |s(t)|−α−n ω(y)dy
)1/p
ψ(t)dt
=‖f‖Lp(ω) ·
∫ 1
0
|s(t)|−
n+α
p ψ(t)dt <∞.
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Thus, Uψ,s is defined as a bounded operator on L
p(ω) and the operator norm of
Uψ,s on L
p(ω) is satisfied
(2.3) ‖Uψ,s‖Lp(ω)→Lp(ω) ≤
∫ 1
0
|s(t)|−
n+α
p ψ(t)dt.
Conversely, assuming that Uψ,s is defined as a bounded operator on L
p(ω). For
any 0 < ǫ < 1, we put
(2.4) fǫ(x) =
{
0, if |x| ≤ 1,
|x|−
n+α
p −ǫ, if |x| > 1.
Applying lemma 2.2, fǫ ∈ Lp(ω) and ‖fǫ‖Lp(ω) > 0, we have
Uψ,sfǫ(x) = |x|
− n+αp −ǫ
∫
S(t,x)
|s(t)|−
n+α
p −ǫψ(t)dt,
here S(t, x) = {t ∈ [0, 1] | so that |s(t) · x| > 1}. Hence
‖Uψ,sfǫ‖
p
Lp(ω) =
∫
Rn
|x|−n−α−pǫ
∣∣∣∣∣
∫
S(t,x)
|s(t)|−
n+α
p −ǫψ(t)dt
∣∣∣∣∣
p
ω(x)dx.
Since |s(t)| ≥ tβ for a.e. t ∈ [0, 1], there exists a measurable subset E of [0, 1] with
|E| = 0 so that
S(t, x) ⊃ {t ∈ [0, 1] | t ≥ 1/|x|1/β} \ E.
Put δ = ǫ−1, then
‖Uψ,sfǫ‖
p
Lp(ω) ≥
(∫
|x|≥δβ
|x|−n−α−pǫω(x)dx
)
·
(∫ 1
1/δ
|s(t)|−
n+α
p −ǫψ(t)dt
)p
= ‖fǫ‖
p
Lp(ω) ·
(
δ−βǫ
∫ 1
1/δ
|s(t)|−
n+α
p −ǫψ(t)dt
)p
.
So we have
‖Uψ,s‖Lp(ω)→Lp(ω) ≥ δ
−βǫ
∫ 1
1/δ
|s(t)|−
n+α
p −ǫψ(t)dt.
Letting ǫ→ 0+ we obtain
(2.5)
∫ 1
0
|s(t)|−
n+α
p ψ(t)dt ≤ ‖Uψ,s‖Lp(ω)→Lp(ω) <∞.
From (2.3) and (2.5), we will receive (2.2).

Using the proof of theorem 2.3, we could find a sufficient condition on ψ such
that the integral operator Uψ,s, which is determined as
Uψ,sf(x) =
∫ ∞
0
f (s(t)x)ψ(t)dt.
is bounded on Lp(ω).
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Theorem 2.4. Let p ∈ [1;∞], α be real numbers and ω ∈ Wα. Let s : [0; 1]→ R be
a measurable function. Then, Uψ,s : Lp(ω) → Lp(ω) exists as a bounded operator
if,
(2.6)
∫ ∞
0
|s(t)|−
n+α
p ψ(t)dt <∞,
and
‖Uψ,s‖Lp(ω)→Lp(ω) ≤
∫ ∞
0
|s(t)|−
n+α
p ψ(t)dt <∞.
Using theorem 2.3, we could deduce some generalizations of Hardy’s integral
inequality. In case s(t) = t, ω ≡ 1 we obtain the above J. Xiao’s result (see [30,
page 662]). On the other hand, in case n = 1, ω(x) = |x|p−b−1, and ψ(t) ≡ 1 we
get
(2.7)
(∫ ∞
0
(∫ x
0
|f(t)|dt
)p
x−b−1dx
)1/p
≤
p
b
(∫ ∞
0
|f(t)|ptp−b−1dt
)1/p
,
and in case n = 1, s(t) = 1t , ψ(t) = t
−2 and ω(x) = |x|p+b−1, then
(2.8)
(∫ ∞
0
(∫ x
0
|f(t)|dt
)p
x−b−1dx
)1/p
≤
p
b
(∫ ∞
0
|f(t)|ptp−b−1dt
)1/p
.
Two such elementary well-known Hardy integral inequalities can be found in [15,
page 29].
Corollary 2.5. Let p ∈ [1;∞], α be real numbers and ω ∈ Wα. Let s : [0; 1]→ R
be a measurable function so that |s(t)| ≥ tβ a.e. t ∈ [0, 1], for some constant β > 0.
Then, Vψ,s : L
p(ω)→ Lp(ω) exists as a bounded operator if and only if
(2.9)
∫ 1
0
|s(t)|n−
n+α
p ψ(t)dt <∞.
Moreover, when (2.9) holds, the operator norm of Vψ,s on L
p(ω) is given by
(2.10) ‖Vψ,s‖Lp(ω)→Lp(ω) =
∫ 1
0
|s(t)|n−
n+α
p ψ(t)dt.
Proof. This is an immediate consequence of theorem 2.3 with the relation Vψ,sf(x) =
U|s(·)|nψ,sf(x). 
Corollary 2.6. Let s, ψ be measurable functions on [0, 1], and ω ∈ Wα, and
(i)
1∫
0
|s(t)|−
n+α
p ψ(t)dt <∞,
(ii) There are two positive real numbers β, γ so that tβ ≤ |s(t)| ≤ t−γ a.e.
t ∈ [0, 1].
Then two operators Uψ,s and V|s(·)|−αψ,1/s are mutually adjoint in the sense: for
any f ∈ Lp(ω), g ∈ Lq(ω), 1 < p <∞ and 1p +
1
q = 1, we have
(2.11)
∫
Rn
g(x)Uψ,sf(x)ω(x)dx =
∫
Rn
f(y)
(
V|s(·)|−αψ,1/sg(y)
)
ω(y)dy.
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Proof. If f ∈ Lp(ω), g ∈ Lq(ω), theorem 2.3 and corollary 2.5 show that Uψ,sf ∈
Lp(ω) and V|s(·)|−αψ,1/sg ∈ L
q(ω). Hence, both sides of (2.11) are finite. With the
help of Fubini theorem, we have∫
Rn
g(x)Uψ,sf(x)ω(x)dx =
∫
Rn
g(x)
(∫ 1
0
f (s(t)x)ψ(t)dt
)
ω(x)dx
=
∫ 1
0
(∫
Rn
g(x)f (s(t)x)ω(x)dx
)
ψ(t)dt
=
∫ 1
0
(∫
Rn
g (y/s(t)) f (y)ω(y)dx
)
|s(t)|−n−αψ(t)dt
=
∫
Rn
f (y)ω(y)
(∫ 1
0
g (y/s(t)) |s(t)|−n · |s(t)|−αψ(t)dt
)
dy
=
∫
Rn
f(y)
(
V|s(·)|−nψ,1/sg(y)
)
ω(y)dy.

Now we characterize the weight function ψ for which Uψ,s is bounded onBMO(ω),
and we calculate the BMO(ω)−norm of Uψ,s.
Theorem 2.7. Let p ∈ [1;∞] be real number and ω belongs to W =
⋃
α>−n
Wα. Let
s : [0; 1]→ R be a measurable function so that s(t) 6= 0 almost everywhere on [0, 1].
(i) If
(2.12)
∫ 1
0
ψ(t)dt <∞,
then Uψ,s : BMO(ω)→ BMO(ω) exists as a bounded operator and
‖Uψ,s‖BMO(ω)→BMO(ω) ≤
∫ 1
0
ψ(t)dt.
(ii) If n = 1 and Uψ,s : BMO(ω) → BMO(ω) exists as a bounded operator,
then
(2.13)
∣∣∣∣
∫ 1
0
sgns(t) · ψ(t)dt
∣∣∣∣ <∞.
Moreover, if s(t) does not change sign on [0, 1], then the operator norm of
Uψ,s on BMO(ω) is given by
(2.14) ‖Uψ,s‖BMO(ω)→BMO(ω) =
∫ 1
0
ψ(t)dt.
(iii) If n > 1, then Uψ,s : BMO(ω) → BMO(ω) exists as a bounded operator,
if and only if (2.12) holds. Moreover, the norm of Uψ,s on L
p(ω) is also
given by
‖Uψ,s‖BMO(ω)→BMO(ω) =
∫ 1
0
ψ(t)dt.
Proof. (i) Suppose (2.12) holds and ω ∈ Wα for some α ≥ −n. Let f be in
BMO(ω), and B be any ball of Rn. By using Fubini’s theorem, we have
(Uψ,sf)B,ω =
1
ω(B)
∫
B
(∫ 1
0
f (s(t) · x)ψ(t)dt
)
ω(x)dx =
10 NGUYEN MINH CHUONG AND HA DUY HUNG
∫ 1
0
(
1
ω(B)
∫
s(t)·B
f(y) · |s(t)|−n−αω(y)dy
)
ψ(t)dt =
∫ 1
0
fs(t)·B,ωψ(t)dt.
Thus
1
ω(B)
∫
B
∣∣∣Uψ,sf(x)− (Uψ,sf)B,ω∣∣∣ω(x)dx
≤
1
ω(B)
∫
B
(∫ 1
0
∣∣f (s(t) · x)− fs(t)·B,ω∣∣ψ(t)dt
)
ω(x)dx
=
∫ 1
0
(
1
ω(B)
∫
B
∣∣f (s(t) · x)− fs(t)·B,ω∣∣ω(x)dx
)
ψ(t)dt
=
∫ 1
0
(
1
ω(B)
∫
s(t)·B
∣∣f (y)− fs(t)·B,ω∣∣ω(y)|s(t)|−n−αdy
)
ψ(t)dt
=
∫ 1
0
(
1
ω(s(t) ·B)
∫
s(t)·B
∣∣f (y)− fs(t)·B,ω∣∣ω(y)dy
)
ψ(t)dt
≤ ‖f‖BMO(ω) ·
∫ 1
0
ψ(t)dt.
Hence, ‖Uψ,sf‖BMO(ω) ≤ ‖f‖BMO(ω) ·
∫ 1
0
ψ(t)dt, so Uψ,s is bounded on BMO(ω),
and in this case
(2.15) ‖Uψ,s‖BMO(ω)→BMO(ω) ≤
∫ 1
0
ψ(t)dt.
(ii) We assume that n = 1 and Uψ,s is bounded on BMO(ω). Let f0(x1) = sgnx1,
then for any segment B = (x0 − r, x0 + r), where r > 0, then
(f0)B,ω =
ω(B+)− ω(B−)
ω(B+) + ω(B−)
,
where B+ = {x ∈ B : x ≥ 0} and B− = {x ∈ B : x < 0}. Using a well-known
inequality 2ab(a+b)2 ≤
1
2 for any a, b ≥ 0, we shall obtain
1
ω(B)
∫
B
∣∣∣f0(x) − (f0)B,ω∣∣∣ω(x)dx = 2ω(B+) · ω(B−)ω(B)2 ≤ 12 .
So we have proved that f0 ∈ BMO(ω), and 0 < ‖f0‖BMO(ω) ≤
1
2 .
Since f0(tx) = sgn t · f0(x) for all t 6= 0, we have
Uψ,sf0(x) = f0(x)
∫ 1
0
sgn s(t) · ψ(t)dt.
Thus
‖Uψ,sf0‖BMO(ω) = ‖f0‖BMO(ω) ·
∣∣∣∣
∫ 1
0
sgns(t) · ψ(t)dt
∣∣∣∣ .
This implies
(2.16)
∣∣∣∣
∫ 1
0
sgns(t) · ψ(t)dt
∣∣∣∣ ≤ ‖Uψ,s‖BMO(ω)→BMO(ω) <∞.
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(iii) We consider the case n > 1. In (i) we have proved that, the boundedness
of Uψ,s could be implied from (2.12). So now we assume that Uψ,s is bounded on
Lp(ω). Let Sn = {x ∈ Rn : |x| = 1} be the unit sphere in Rn and φ : Sn → R an
essential upper bounded, even, non-constant function, that is
ess.supt∈Sn |φ(t)| = ‖φ‖∞ <∞, φ(−t) = φ(t) (∀ t ∈ Sn).
Define
f1(x) =
{
φ(x/|x|) if x 6= 0,
0 if x = 0.
Since f1 ∈ L∞(Rn), then f1 ∈ BMO(ω) and ‖f1‖BMO(ω) 6= 0. Note that f1(tx) =
f1(x) for t 6= 0, so
Uψ,sf1(x) = f1(x)
∫ 1
0
ψ(t)dt.
Taking BMO(ω)−norm both sides we have
‖f1‖BMO(ω)
∫ 1
0
ψ(t)dt = ‖Uψ,sf1‖BMO(ω) ≤ ‖f1‖BMO(ω) · ‖Uψ,s‖BMO(ω)→BMO(ω).
Thus (2.12) holds and we have
‖Uψ,s‖BMO(ω)→BMO(ω) =
∫ 1
0
ψ(t)dt.

In theorem 2.7, let us put s(t) = t and ω ≡ 1, we shall get the result of J. Xiao
for Uψ as follows
Corollary 2.8. Uψ : BMO(R
n) → BMO(Rn) exists as a bounded operator, if
and only if ∫ 1
0
ψ(t)dt <∞.
Moreover, the norm operator of Uψ on BMO(R
n) is given by
‖Uψ,s‖BMO(ω)→BMO(ω) =
∫ 1
0
ψ(t)dt.
3. Commutator of the generalized Hardy-Cesa`ro operator
Recently, Zun Wei Fu, Zong Guang Liu, and Shan Zhen Lu [14] established
a sufficient and necessary condition on weight function ψ(t), which ensures the
boundedness of the commutators (with symbols in BMO(Rn)) of weighted Hardy
operators Uψ and weighted Cesa`ro operator Vψ on L
p(Rn). The purpose of this
section is to extend their results to generalized Hardy-Cesa`ro operator Uψ,s on
weighted Lp(ω) spaces.
Let b be a measurable, locally integrable function and ψ : [0, 1] → [0,∞) be a
function. We define the commutator of weighted Hardy-Cesa`ro operator Uψ,s as
U bψ,sf := bUψ,sf − Uψ,s(bf).
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Similarly we define the commutator of weighted Cesa`ro operator V bψ,s as
V bψ,sf := bVψ,s(bf)− bVψ,s(f).
It is known that commutators of (singular) integral transforms have been of
interest in many contexts, particularly in the theory of P.D.E. The Hardy operator
U is well-known to be controlled by Hardy-Littlewood maximal operator M . To
obtain estimates for commutator of generalized Hardy-Cesa`ro operator Uψ,s, we
use the weight Hardy-Littlewood maximal operator Mω to control Uψ,s. Our main
result in this section is formulated as follows.
Theorem 3.1. Let ψ : [0, 1] → [0,∞), s : [0, 1] → R be measurable functions,
ω ∈ Wα has doubling property, α > −n and 1 < p < ∞. We also assume that
there exists real constants β, γ such that βγ > 0 and tβ ≤ |s(t)| ≤ tγ for almost
everywhere t ∈ [0, 1].
(a) If U bψ,s is bounded on L
p(ω) for any b ∈ BMO(ω), then
(3.1)
1∫
0
|s(t)|−
n+α
p ·
∣∣∣∣log 1|s(t)|
∣∣∣∣ · ψ(t)dt <∞.
Moreover, if β, γ > 0, then
1/δ∫
0
ψ(t)dt < C
(δγ(α+n)−1)1/p
, where C is a positive
constant, which does not depend on δ.
(b) If |s(t)| = tγ, and
(3.2)


∫ 1
0
|s(t)|−
n+α
p ·
∣∣∣log 1|s(t)| ∣∣∣ · ψ(t)dt <∞,
∫ 1
0
|s(t)|−
n+α
p · ψ(t)dt <∞,
then U bψ,s is bounded on L
p(ω) for any b ∈ BMO(ω) with operator norm
‖U bψ,s‖Lp(ω) ≤ Cω
(∫ 1
0
|s(t)|−
n+α
p ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt
)
· ‖b‖BMO(ω).
Remark. We observe that, (3.1) implies
1/δ∫
0
|s(t)|−
n+α
p ·ψ(t)dt <∞, for any δ > 1.
But unfortunately, as is shown in [14], (3.1) is not enough to imply∫ 1
0
|s(t)|−
n+α
p · ψ(t)dt <∞.
To prove theorem 3.1, we need the following lemma
Lemma 3.2. If ω ∈ Wα and has doubling property, then log |x| ∈ BMO(ω).
Although lemma 3.2 seems to be well-known, but we could not find any proof of
it in the literature. One way to prove it is as follows.
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Proof. To prove log |x| ∈ BMO(ω), for any x0 ∈ Rn and r > 0, we must find
a constant cx0,r, such that
1
ω(B(x0,r))
∫
|x−x0|≤r
|log |x| − cx0,r|ω(x)dx is uniformly
bounded. Since
1
ω (B(x0, r))
∫
|x−x0|≤r
|log |x| − cx0,r|ω(x)dx
=
rα+n
ω (B(x0, r))
∫
|z−r−1x0|≤1
|log |z| − log r − cx0,r|ω(z)dz
=
1
ω (B(r−1x0, 1))
∫
|z−r−1x0|≤1
|log |z| − log r − cx0,r|ω(z)dz,
we may take cx0,r = cr−1x0,1 + log r, and so things reduce to the case that r = 1
and x0 is arbitrary. Let
Ax0 =
1
ω (B(x0, 1))
∫
|z−x0|≤1
|log |z| − cx0,1|ω(z)dz.
If |x0| ≤ 2, we take cx0,1 = 0, and observe that
Ax0 ≤
1
ω (B(x0, 1))
∫
|z|≤3
log 3 · ω(z)dz = log 3 ·
ω (B(0, 3))
ω (B(x0, 1))
≤ log 3 ·
ω (B(x0, 6))
ω (B(x0, 1))
≤ C <∞,
where the last inequality comes from the assumption that ω has doubling property.
If |x0| ≥ 2, take cx0,1 = log |x0|. In this case, notice that
Ax0 =
1
ω (B(x0, 1))
∫
B(x0,1)
∣∣∣∣log |z||x0|
∣∣∣∣ω(z)dz
≤
1
ω (B(x0, 1))
∫
B(x0,1)
max
{
log
|x0|+ 1
|x0|
, log
|x0|
|x0| − 1
}
· ω(z)dz
≤ max
{
log
|x0|+ 1
|x0|
, log
|x0|
|x0| − 1
}
≤ log 2.
Thus log |x| is in BMO(ω). 
Proof of theorem 3.1 (a) To complete the proof of (a) we need to consider two
cases when β, γ are both positive or both negative. Let us consider the first case
when β, γ > 0. We assume that ‖U bψ,s‖Lp(ω)→Lp(ω) < ∞ for any b ∈ BMO. Set
b(x) = log |x| ∈ BMO(ω) (by lemma 3.2). For any 0 < ǫ < 1, take fǫ as in (2.4),
then
U bψ,sfǫ(x) = −|x|
−n+αp −ǫ
∫
S(t,x)
|s(t)|−
n+α
p −ǫ log |s(t)| · ψ(t)dt,
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here S(t, x) = {t ∈ [0, 1] | so that |s(t) · x| > 1}. Putting δ = ǫ−1 > 1, note that
log |s(t)| does not change sign almost everywhere on [0, 1], so
‖U bψ,sfǫ‖
p
Lp(ω) =
∫
Rn
|x|−n−α−pǫω(x)
(∫
S(t,x)
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
ψ(t)dt
)p
dx
≥
∫
Rn
|x|−n−α−pǫω(x)
(∫ 1
min{1/|x|1/β,1}
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
ψ(t)dt
)p
dx
≥
(∫
|x|>δβ
|x|−(n+α+pǫ)ω(x)dx
)
·
(∫ 1
1/δ
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
· ψ(t)dt
)p
=
(∫
|y|>1
|y|−(n+α+pǫ)ω(y)dy
)
·
(
1
δǫ
∫ 1
1/δ
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
· ψ(t)dt
)
= ‖fǫ‖
p
Lp(ω) ·
(
ǫǫ
∫ 1
1/δ
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
· ψ(t)dt
)p
.
As in the proof of theorem 2.3, ‖fǫ‖
p
Lp(ω) > 0, so
ǫǫ
∫ 1
1/δ
|s(t)|−
n+α
p −ǫ · log
1
|s(t)|
· ψ(t)dt ≤ ‖U bψ,s‖Lp(ω)→Lp(ω) <∞.
Letting ǫ→ 0+, then ∫ 1
0
|s(t)|−
n+α
p · log
1
|s(t)|
· ψ(t)dt <∞.
Now we set b(x) = f(x) = 1B(0,1)(x), the characteristic function of the ball B(0, 1).
Note that f ∈ Lp(ω), since α > −n and b ∈ BMO(Rn). So we have
U bψ,sgǫ(x) =
∫ 1
0
(b(x)− b (s(t) · x)) f (s(t) · x)ψ(t)dt
=
(
1B(0,1)(x) − 1
)
·
∫
S(t,x)
ψ(t)dt,
where S(t, x) = {t ∈ [0, 1] : |s(t) · x| < 1}. Since |s(t)| ≤ tγ for a.e. on [0, 1], we
can find a zero measurable E ⊂ [0, 1] so that S(t, x) ⊃ {t ∈ [0, 1] : t < 1
|x|1/γ
} \ E.
For any δ > 1, we obtain
‖U bψ,sf‖
p
Lp(ω) ≥
∫
1<|x|<δγ
ω(x) ·
(∫ 1/|x|1/γ
0
ψ(t)dt
)p
dx
≥
(∫
1<|x|<δγ
ω(x)dx
)
·
(∫ 1/δ
0
ψ(t)dt
)p
= ‖f‖pLp(ω) ·
(
δγ(α+n) − 1
)
·
(∫ 1/δ
0
ψ(t)dt
)p
.
Therefore, for any δ > 1 we get∫ 1/δ
0
ψ(t)dt ≤
C(
δγ(α+n) − 1
)1/p <∞,
where C = ‖U bψ,s‖Lp(ω).
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The left case when β, γ < 0, can be proved in the same manner as shown, with
gǫ used in place of fǫ, where
gǫ(x) =
{
0 if |x| ≥ 1,
|x|−
n+α
p +ǫ if |x| < 1.
(b) We assume that |s(t)| = tγ , ω has doubling property, and (3.1) holds. Let
b be any function in BMO(ω). We shall show that, Uψ,s can be determined as a
bound operator on Lp(ω). For any ball B of Rn, x ∈ B, we have
1
ω(B)
∫
B
∣∣U bψ,sf(y)∣∣ω(y)dy
≤
1
ω(B)
∫
B
∫ 1
0
|(b(y)− b (s(t) · y)) f (s(t) · y)|ψ(t)ω(y)dtdy
=
1
ω(B)
∫ 1
0
∫
B
|(b(y)− b (s(t) · y)) f (s(t) · y)|ω(y)dyψ(t)dt
≤
1
ω(B)
∫ 1
0
∫
B
|(b(y)− bB,ω) f (s(t) · y)|ω(y)dyψ(t)dt
+
1
ω(B)
∫ 1
0
∫
B
∣∣(bB,ω − bs(t)B,ω) f (s(t) · y)∣∣ω(y)dyψ(t)dt
+
1
ω(B)
∫ 1
0
∫
B
∣∣(b(s(t)y)− bs(t)B,ω) f (s(t) · y)∣∣ω(y)dyψ(t)dt
=: I1 + I2 + I3.
Now take any 1 < r < p.
Estimate for I1: By Ho¨lder’s inequality (1/r + 1/r
′ = 1), we deduce
I1 ≤
∫ 1
0
(
1
ω(B)
∫
B
|f (s(t)y)|r ω(y)dy
)1/r
·
(
1
ω(B)
∫
B
|b(y)− bB,ω|
r′ ω(y)dy
)1/r′
ψ(t)dt.
≤ Cω · ‖b‖BMO(ω) ·
∫ 1
0
(
1
ω(s(t)B)
∫
s(t)B
|f(y)|rω(y)dy
)1/r
ψ(t)dt
≤ Cω · ‖b‖BMO(ω) ·
∫ 1
0
(Mωf
r (s(t)x))
1/r
ψ(t)dt,
where Cω is a constant, which depends only on ω.
Estimate for I3: Applying Ho¨lder’s inequality again, we thus obtain
I3 ≤
∫ 1
0
(
1
ω(B)
∫
B
|f (s(t)y)|r ω(y)dy
)1/r
·
(
1
ω(B)
∫
B
∣∣b (s(t)y)− bs(t)B,ω∣∣r′ ω(y)dy
)1/r′
ψ(t)dt.
=
∫ 1
0
(
1
ω(s(t)B)
∫
s(t)B
|f(y)|rω(y)dy
)1/r
·
(
1
ω(s(t)B)
∫
s(t)B
∣∣b (y)− bs(t)B,ω∣∣r′ ω(y)dy
)1/r′
ψ(t)dt
≤ Cω · ‖b‖BMO(ω) ·
∫ 1
0
(Mωf
r (s(t)x))
1/r
ψ(t)dt.
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Estimate for I2: We need the following lemmas. The first one generalizes a
lemma of Torre and Torrea (see lemma 1.10 in [29]).
Lemma 3.3. Let ω be a doubling weight function. Then, there exists a positve
constant C so that for any balls B1 = B(x1, r1), B2 = B(x2, r2), whose intersection
is not empty, and 12r2 ≤ r1 ≤ 2r2, then ω(B) ≤ Cω(Bi), i = 1, 2. Here, B is
the smallest ball, which contains both B1 and B2. Moreover, for each function
b ∈ BMO(ω), we have
|bB1,ω − bB2,ω| ≤ 2C‖b‖BMO(ω).
Proof. Since ω has doubling property, there exists a constantC1, so that ω (B(x, 2r)) ≤
C1ω (B(x, r)) for any x ∈ Rn and r > 0. Without lost of generality, we assume
r2 ≤ r1 ≤ 2r2. Let B1 = B(x1, r1), B2 = B(x2, r2) be two balls, whose intersection
is not empty and r1 ≥ r2. Take x ∈ B1 ∩B2. Then,
ω(B) ≤ ω (B(x, 2r1) ≤ C1ω (B(x, r1)) ≤ C1ω (B(x1, 2r1)) ≤ C
2
1ω (B1) ,
and
ω(B) ≤ ω (B(x, 4r2) ≤ C
2
1ω (B(x, r2)) ≤ C
3
1ω (B(x2, r2)) .
Thus we can choose the constant C = max{C21 , C
3
1}.
It is clear that
|bB1,ω − bB2,ω| ≤ |bB1,ω − bB,ω|+ |bB,ω − bB2,ω| .
Now
|bB,ω − bB1,ω| =
∣∣∣∣bB,ω − 1ω(B1)
∫
B1
b(y)ω(y)dy
∣∣∣∣
≤
1
ω(B1)
∫
B1
|b(y)− bB,ω|ω(y)dy ≤
C
ω(B)
∫
B
|b(y)− bB,ω|ω(y)dy ≤ C‖b‖BMO(ω).
The left term is estimated in a similar way. 
Lemma 3.4. Let B = B(x0, r) and γ 6= 0. There exists a ∈ (1, 2], such that
(a) a−iB ∩ a−(i+1)B 6= ∅ for any i ∈ N ∪ {0},
(b) if t ∈
[
a−(i+1)/γ , a−i/γ
]
then a−(i+1)B ∩ tγB 6= ∅. Here
[
a−(i+1)/γ , a−i/γ
]
is the set of all real numbers between a−(i+1)/γ and a−i/γ .
Proof. Let us consider the case when γ > 0, the left case when γ < 0 is simi-
lar. We need to choose a ∈ (1, 2] so that
(
a−i + a−i−1
)
r ≥ |x0|
(
a−i − a−i−1
)
and
(
tγ + a−i−1
)
r ≥ |x0|
(
tγ − a−i−1
)
for any t ∈
[
a−(i+1)/γ , a−i/γ
]
. These are
equivalent to

(a+ 1) ≥ |x0|r (a− 1)
tγ
(
1− |x0|r
)
+ a−i−1
(
1 + |x0|r
)
≥ 0 for any t ∈
[
a−(i+1)/γ , a−i/γ
]
.
But this is easy to choose by letting a→ 1+.

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Now we turn to estimate I2. Let a be as in lemma 3.4. Ho¨lder’s inequality
implies
I2 =
1
ω(B)
∫ 1
0
∫
B
∣∣(bB,ω − bs(t)B,ω) f (s(t) · y)∣∣ω(y)dyψ(t)dt
=
∫ 1
0
(
1
ω(B)
∫
B
|f (s(t) · y)|ω(y)dy
) ∣∣bB,ω − bs(t)B,ω∣∣ψ(t)dt
≤
∫ 1
0
(Mωf
r(s(t)x))
1/r ∣∣bB,ω − bs(t)B,ω∣∣ψ(t)dt
=
∞∑
k=0
∫ a−k/γ
a−(k+1)/γ
(Mωf
r(s(t)x))1/r
∣∣bB,ω − bs(t)B,ω∣∣ψ(t)dt
≤
∞∑
k=0
∫ a−k/γ
a−(k+1)/γ
(Mωf
r(s(t)x))
1/r
(
k∑
i=0
∣∣ba−(i+1)B,ω − ba−iB,ω∣∣+ ∣∣ba−(k+1)B,ω − bs(t)B,ω∣∣
)
ψ(t)dt.
Applying lemma 3.3 and lemma 3.4, we have
∣∣ba−(i+1)B,ω − ba−iB,ω∣∣ ≤ C‖b‖BMO(ω),
and
∣∣ba−(k+1)B,ω − bs(t)B,ω∣∣ ≤ C‖b‖BMO(ω). Also, from t ∈ [a−(k+1)/γ , a−k/γ ], it
implies that k ≤ C log ak ≤ C
∣∣∣log 1|s(t)| ∣∣∣. From these, we have
I2 ≤ C‖b‖BMO(ω)
∞∑
k=0
∫ a−k/γ
a−(k+1)/γ
(Mωf
r(s(t)x))
1/r
(k + 2)ψ(t)dt
≤ C‖b‖BMO(ω)
∞∑
k=0
∫ a−k/γ
a−(k+1)/γ
(Mωf
r(s(t)x))
1/r |log |s(t)||ψ(t)dt+2
∫ 1
0
(Mωf
r(s(t)x))
1/r
ψ(t)dt
≤ C‖b‖BMO(ω)
∫ 1
0
(Mωf
r(s(t)x))
1/r
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
ψ(t)dt.
Combining the estimates of I1, I2 and I3, we obtain
1
ω(B)
∫
B
∣∣U bψ,sf(y)∣∣ω(y)dy ≤ C‖b‖BMO(ω)
∫ 1
0
(Mωf
r(s(t)x))1/r
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
ψ(t)dt.
Take the supremum over all B such that x ∈ B, and take Lp(ω)-norm of both
side of the inequality above. We get
(3.3)
‖Mω
(
U bψ,sf
)
‖Lp(ω) ≤ C‖b‖BMO(ω)
∥∥∥∥
∫ 1
0
(Mωf
r(s(t)·))1/r
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
ψ(t)dt
∥∥∥∥
Lp(ω)
.
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The Minkowski inequality yields
‖Mω
(
U bψ,s
)
(·)‖Lp(ω)
≤ C‖b‖BMO(ω)
∥∥∥∥
∫ 1
0
(Mωf
r(s(t)·))1/r
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
ψ(t)dt
∥∥∥∥
Lp(ω)
≤ C‖b‖BMO(ω)
∫ 1
0
(∫
Rn
(Mωf
r (s(t)x))
p/r
ω(x)dx
)1/p
ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt
≤ C‖b‖BMO(ω)
∫ 1
0
(∫
Rn
(Mωf
r (x))
p/r
ω(x)dx
)1/p
|s(t)|−
n+α
p ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt
≤ C‖b‖BMO(ω)‖f‖Lp(ω)
∫ 1
0
|s(t)|−
n+α
p ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt,
where the last inequality is deduced by using lemma 1.3. Since U bψ,sf ∈ L
1
loc(ω), so
by Lebesgue differential theorem
∣∣∣U bψ,sf(x)∣∣∣ ≤Mω (U bψ,sf) (x) a.e. We arrive at
‖U bψ,sf‖Lp(ω) ≤ C‖b‖BMO(ω)‖f‖Lp(ω)
∫ 1
0
|s(t)|−
n+α
p ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt <∞.
This finishes the proof of part (b). 
Corollary 3.5. Let ψ : [0, 1] → [0,∞), s : [0, 1] → R be measurable functions,
ω ∈ Wα has doubling property and 1 < p < ∞. We also assume that there exists
real constants β, γ, such that βγ > 0 and tβ ≤ |s(t)| ≤ tγ for almost everywhere
t ∈ [0, 1].
(a) If V bψ,s is bounded on L
p(ω) for any b ∈ BMO(ω), then
(3.4)


1∫
0
|s(t)|n−
n+α
p ·
∣∣∣log 1|s(t)| ∣∣∣ · ψ(t)dt <∞,
1∫
0
|s(t)|n−
n+α
p · ψ(t)dt <∞.
(b) If |s(t)| = tγ , and (3.4) holds, then V bψ,s is bounded on L
p(ω) for any
b ∈ BMO(ω) with operator norm
‖V bψ,s‖Lp(ω) ≤ Cω
(∫ 1
0
|s(t)|n−
n+α
p ψ(t)
(
2 +
∣∣∣∣log 1|s(t)|
∣∣∣∣
)
dt
)
· ‖b‖BMO(ω).
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